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I. INTRODUCTION 
Dirichlet’s problem for the half-space calls for a solution 4(x, y, z) 
of the boundary value problem 
a2* as+ a24 
~+ayZ+~=O 
tfe’ YJ 0) = fk' YL - m<x,y<+ 00, z>o 
the boundary condition being satisfied in the form 
where f(x, y) is a given function of the real variables x and y and belonging 
to L, over the whole two-dimensional plane E,. 
The solution, which may be obtained by employing operational 
methods such as the double Fourier transform, is given by the P&SOW 
Cauchy integral 
Here #(x, y, x) has the preassigned limit f(x, y), the boundary value, on 
the boundary of the domain in question, i.e., the plane z = 0. 
The problem to be discussed in this note is the behaviour of the 
solution on the boundary and in particular to show that if 4(x, y, z) 
* Presented to the American Mathematical Society, August 29, 1960. 
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tends too rapidly (in the norm of the space Lp) towards f(~, y) as z 1 0, 
then f must be zero almost everywhere in &-space. The normal rate of 
approach of #(x, y, z) towards f(x, y) will then be shown to be of order O(z) 
for z + 0. 
Let us denote the two-dimensional Fourier transform of j(x, y) c L,(E,) 
by 
and the Fourier-Stieltjes transform1 of g(x, y) by 
&, q) = k s e- Gx+w) dg(x, y), E2 
where g(z, y) is of bounded variation over E,. 
The total variation of g over E, is defined by 
n-l,m-1 
V(g) = sup 2 Ig(%+1, yr+1) - g(x”+lJ Y,) - t&b Y/1+1) + f&Q %)I 
(xv < x,+1, y/i < y/1+1; v = 0, 1,. . ., $2 - 1; p = 0, 1,. . .) m - l), 
where the supremum is taken over any finite number of disjoint rectangles 
with sides parallel to the coordinate axes. If V(g) is finite, then we say 
g is of bounded variation over E, (e.g. [l]). Such a function will then 
define a mass-distribution that is a completely additive function of sets 
in E, with finite total mass. 
Of fundamental importance for the proof of the theorem to be estab- 
lished below is a result due to H. Cram& giving conditions under which 
a function h([, 7) of the real variables 6 and 7 admits a representation 
as a Fourier-Stieltjes transform. 
THEOREM (Cram&r) : Let h(E, 7) b e integrable over every finite rectangle 
of E,. A necessary and sufficient condition such that h(f, q) can be rep- 
reseated czEmost everywhere as 
h([, r) = & 
s 
e-t(fx t-W dg(x, y), (1.2) 
E* 
1 For the definition and existence, see also [Qa]. 
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where g(x, y) is of Oozmded vaviatiolz ODPY the whole plane, is that 
for all 0 < K K 00. If, in additiolz, h([,q) is continuous on E,, the 
refiresentation (1.2) holds for all (6,~). 
For a method of proving this result one may consult Cram& ([Sj, 
p. 200). Of importance here is the two-dimensional analogue of Helly’s 
theorem2 on sequences of functions of bounded variation. For this as well 
as a theorem on two-dimensional Fourier series r-elated to the Cram& 
theorem, one may see Zygmund ([16], p. 314). 
In Section I the main theorem shall be established for functions 
f E L1(E2). The method of proof rests upon the Fourier transform method 
developed by the author in [5, 6, 7, 7a] where similar one-dimensional 
problems are considered. The reader is also referred to these papers for 
further references. The results of the theorem are generalized in part 
to functions f E L&Q with 1 < p < 2. In Section II, the main theorem 
is considered via a semigroup theorem and extensions to Lp-functions 
for 2 < p < + 00 are briefly discussed. The method is also applicable 
to the solution of the three-dimensional diffusion equation for an infinite 
solid. 
II. THE MAIN THEOREM 
THEOREM 1. Let f(~, y) E L,(E,), i.e., 
(2.1) 
thelz f(x, y) = 0 almost everywhere in the E,-plane. 
(W If 
IIW YP 4 - fb Y)[ll = 064 tz 4 0) (2.2) 
then there exists a function g(x, y) of bounded variation over the whole 
ES-space such that 
VE” + rl”)PK ??I = “g(k 17) (2.3) 
throughout the whole (6, v)-plane. 
2 See also [gal. 
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PROOF. (a) Since f E L,(E,), /(t, q) exists and is bounded for all (E,ty). 
According to Fubini’s theorem in two-variables if follows that #(x, y, z) 
as a function in x and y exists almost everywhere and belongs to L,(E,). 
Putting 
then 





and the Fourier transform K(t, “/I) of the kernel k(u, ~1) is readily seen, 
by direct integration, to be 
kg, 7) = exp [-- ~‘(~~~~)I. 
For the Fourier transform $ of r,G we have formally 
f(% 4 --.. .- du dv 1 
[22 + (x - up + (y - v)2]3/2 1 
e- i(:x-tw) dx dy 
- u)” + (y - v)2]3/2 
E, & 
f(u, v) e-W+w) du dv 
e- ztf% -W) 
~~~ 
(2” + x2 + y2)3/2 dxdy. 
E, a 
The procedure can be justified by Fubini’s theorem. It follows that 
&t, rl,z) = r”ct, rl)QZ? rl.4. 
The Fourier transform of {/(xl y) - $(x, y, x)} then turns out to be 
& 
5 
[f(x, Y) - #(%YtW- i(@+~v) dx dy = I'(& 7) [l - @, ~2);. 
F -2 
So the inequality 
1k rl) [1 - &z, rz)l j< & If@, y) - $(x, y, z)I dx dy (1.5) 
Ez 
holds for all (6,~). 
?Jow under the hypothesis (2.1) we have 
liml- f([, q) :l - esp {-- 2 I:‘((2 + ylz))- = 0, 
cjo 2 
which requires p(t, II) t o vanish for all points in the (4, q) plane except 
(0, 0). The uniqueness theorem for double Fourier transforms [l] then 
implies that f(x, y) = 0 1 a most everywhere in the (x, y) plane. 
(b) We consider the partial integrals 
which can be written as 
Since the inner integral converges uniformly for - w < zi < W, 
- Y < TJ < r, where W, Y are arbitrary, an interchange of the order of 
integration gives 
We now introduce the arithmetric means of the s&x, y), namely 
KK c4(% y) = & sw,,(x, Y) d7.o dr (2.8) 
where bY S(- R, R), we denote integration over the square (-R, R) x (-. R, R). 
If one applies the representation (2.7) for the s&x, y), after an inter- 
change of the order of. integration, these means take on the form 
By the hypothesis (2.2) it then follows that 
IId% Y) Ill < IIf& Y) - 9(% Y> 4lll = O(z)- 
By (2.8) we thus obtain 
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[I - Qz, Tp)]j(E, 7) &n+‘ly) d[ d?j ~ 1= O(z) 
(2.9) 
where the 0 is independent of R and z. 
On the other hand, since 
there exists a constant M > 0 such that 
for o < z < x,., and 161 < R, / 77 / < K. Lebesgue’s dominated convergence 
theorem then gives 
(- R, RI, 
So from Fatou’s lemma we have 
the 0 heir-g indeptndent of I\‘. II \vc’ ;rppl~. the (‘ram&- theorem to the 
continuous function h(l, 1,) ~7 1, (t2 -1 q2) f([, v), it follows that there 
exists a function :(x, y) of bounded variation over the whole plane such 
that i’(E2 - rj2) i(it, 7)) -r= i(& q) f or all ([, q). The proof of the the- 
orem is complete. 
It would naturally be interesting to express the conclusion (2.3) of 
Theorem 1, given in terms of Fourier transforms, directly in terms of 
the original functions. This leads to the following result which I have 
been unable to locate in the literature: 
almost everywhere in the (6,~) pl me, where g(x, y) is of Oounded variation 
over E,, then. the double Hilbert transform /(x, y) is of homded vmiation 
ozjey E,. 
Here 
and for the known properties of this transform one may consult 
[15] and the literature there cited and also [12]. 
If this conjecture would hold it would follow that the hypothesis (2.2) 
would imply that ?(x, y) is of bounded variation over E,. 
We wish to extend the results of Theorem 1 to functions f E L,(E,) 
for 1 < fi < 2. A Fourier transform for such functions must be defined. 
Putting 
f((, ~1; Q) = ii #(x, y) e-i(tx-+ W) dxdy, 
where Q is the square --- cr) < X, y < w, and 9 + q = fig, then as 
0~ t 00, f”(5, ‘I; Q) converges in L&E,) to a function p([, q), called the 
Fourier transform of f. This function f(t, 7) is known to satisfy the 
inequality ( [14], p. 96; 1161, p. 254) : 
I If@ d I I4 G I If& Y) iIO. 
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If we apply this inequality to prove part (a) of Theorem 1 in the 
case 1 < # < 2, we can show that the inequality (2.5) is then replaced by 
The hypothesis (2.1) of the theorem then implies that 
$ ; /~/(&17) I1 - & rz)l/lq = 0, 
and according to Fatou’s lemma it follows that 
and thus p([, ‘I) = 0 almost everywhere in the (6, ye) plane. It remains 
to apply the uniqueness theorem to show that f(x, y) = 0 almost every- 
where in E,-space. This establishes part (a) for 1 < $J < 2. 
Remark. In a written communication to the author A. Zygmund has 
very kindly indicated a method of proving part (a) of Theorem 1 in case 
2 < p < bo (as well as 1 < 9 < 2). This method rests upon properties 
of harmonic functions and is entirely independent of Fourier transform 
theory. 
The results of part (b) for functions f E LP(Ez) with 1 < p < 2 are 
not as complete as is to be desired. Thus one could prove the relation 
(2.10) for &-norms, but an &-version of the Cram& Theorem, needed 
at that stage, does not seem to be known. It seems at first sight that 
the argument of Zygmund mentioned above cannot readily be exten- 
ded to give a proof of part (b) even in the case p = 1. 
The next question of interest would be to consider whether a converse 
can be established to part (b) in the case p = 1, say. It would seem 
that if 7(x, y) is of bounded variation over E,, then as a. conclusion the 
relation (2.2) would hold. This question remains open. The method of 
proof of Theorem 5.1 [7] in a similar situation seems to he restricted to 
functions of one variable and so may be of no help here. 
III. SEMIGROUPS CONNECTED WITH THE PROBLEM 
It is profitable to introduce in $(x, y, x) polar coordinates 
u = Y cos 8, 2’ = r sin 13, z = 2, (9 = 262 + 9) 
in which case we obtain 
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where 
H 1:1-n? Ii 
In the form (3.1) one can readily show that 4(.x, y, z) = [T(z)fJ(x, 2’) 
is a semigroup operator3 on the Ranach space X = L, to itself with the 
property that 
for all .q, z2 > 0, and all f E L,. The infinitesimal generator of the semi- 
group is defined by 
Af - a [T@)f - f]’ 
II 
= 0 (t > 0) 
whenever this limit exists; its domain D(A) consists precisely of those 
elements for which this limits exists. 
In that connection we recall the following theorem: 
THEOREM 2. Let X be any Ranach space and {T(t)} a semigroup of 
operators szlch that 
fw each /EX and iIT < 1, t 20. 
t t TWO - foil = 44 (t J Oh 
then A f0 = 0 and T(t)/, E f0 each t > 0. 
[b) If X is reflexive and 
then f0 E D(A). 
(c) For each f ED(A) folows 
Parts (a) and (c) are due to Hille ([lo], p. 321) and (b) to Butzer [3]. 
For a proof one may also consult ( [l 11, pa 326) and for a number of 
applications [4]. For a generalization of this theorem one may refer to [8]. 
3 For a connection between the semigroup 
transform method, see [7, pp. 412-4141. 
method outlined and the Fourier 
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If we would appeal to this general theorem one could deduce from 
it the &-version of Theorem 1 for the case 1 < f < 00 (the reflexivity 
of the Banach space L,(E,) is needed in part (b)) prozridt:d we find the 
infinitesimal generator A of the given semigroup operator and its domain 
D(A). But this is a rather lengthy procedure. The infinitesimal generator 
of the Poisson-Cauchy integral is given (without proof) in Hille ( rlOj, 
p. 413) as 
where 1.i.m. denotes the limit in the mean of order 4 (p $- y = fly). 
An application of part (c) above would then also give a proof of the 
converse to Theorem 1 (b) d iscussed above but in the case p > 1. 
The results of this note could also be shown for the solution of the 
corresponding n-dimensional Dirichlet problem. Indeed, the proof of 
Theorem 1 can readily be generalized, as well as the Cramer theorem 
(see [9], p. 200). 
Neither are these methods restricted to the singular integral (1.1) 
which is the solution of Dirichlet’s problem for the half-space. One 
can just as well consider the corresponding problem for the singular 
integral of Gauss-Weierstrass which is the solution of the diffusion 
equation for an infinite solid. 
Results analogous to those above in case fi > 1 for Dirichlet’s problem 
for a sphere have recently been obtained by R. Leis [13] using the methods 
suggested by a generalization of Theorem 2 to compact semigroup 
operators (see [13a]). 
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